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ARTICLE INFO ABSTRACT

Keywords: We present screening-type semi-analytical models for quantifying the fate and transport of PFAS, including

Perfluoroalkyl acids (PFAAs) and precursors perfluoroalkyl acids (PFAAs) and their precursors (i.e., polyfluoroalkyl substances that can transform to PFAAs),

Heter‘fg‘f_“elty . in a heterogeneous vadose zone. The models employ one-dimensional multi-continuum representations with

Er{ate-lflmlteti.adsorpnon varying complexities (dual-porosity, dual-permeability, or triple-porosity). They account for PFAS-specific
ranstormation

transport processes, including multi-site rate-limited adsorption at solid-water and air-water interfaces, and
first-order biochemical transformation. Assuming steady-state infiltration, we derive semi-analytical solutions
for all models under arbitrary initial and boundary conditions. We validate these new solutions using
literature experimental breakthrough curves of PFAS and other solutes for various soils and wetting conditions.
Furthermore, we demonstrate the models’ capability by analyzing the long-term leaching and mass discharge
of two example PFAS (PFOS and a precursor PFOSB) in a heterogeneous vadose zone beneath a model PFAS-
contaminated site. The results demonstrate that the precursor undergoes significant transformation and adds
additional PFOS mass discharge to groundwater. Additionally, the simulations suggest that, due to strong
retention in the vadose zone (i.e., large residence time), the PFAS in the high- and low-conductivity transport
pathways can be considered as in equilibrium. Taking advantage of this result, we illustrate that the multi-
continuum models may be simplified to an effective single-porosity model for simulating the transport of
longer-chain PFAS in a heterogeneous vadose zone. Overall, the semi-analytical models provide practical tools
for assessing long-term fate and transport of PFAS in the vadose zone and mass discharge to groundwater in
the presence of precursor transformations.

Experimental validation
Soil screening

1. Introduction Dong et al., 2023; Brusseau and Guo, 2024). These processes may be
heterogeneous and rate-limited (e.g., Chen and Guo, 2023; Stults et al.,
2024a,b), leading to significant retention and nonequilibrium transport
phenomena of PFAS in the vadose zone. Representing these PFAS-
specific transport processes in the vadose zone is critical for assessing

contamination risks and developing effective remediation strategies.

Per- and poly-fluoroalkyl substances (PFAS)—including both perflu-
oroalkyl acids (PFAAs) and precursors (i.e., polyfluoroalkyl substances
that can transform to PFAAs)—are emerging contaminants that have
accumulated significantly in the vadose zone at contaminated sites,
posing long-term threats to soil health and groundwater quality (e.g.,

Anderson et al., 2019; Brusseau et al., 2020). Characterizing and quan-
tifying PFAS fate and transport in the vadose zone are particularly
challenging due to their surfactant-like interfacially-active properties.
After entering the vadose zone, PFAS accumulate at air-water interfaces
in the unsaturated soil pore spaces (e.g., Lyu et al., 2018; Costanza
et al., 2019). They can also adsorb on solid surfaces by hydrophobic and
electrochemical interactions (e.g., Higgins and Luthy, 2006; Wei et al.,
2017; Van Glubt et al., 2021). Some PFAS may be volatilized, taken by
plant roots, or transformed by biochemical reactions (Choi et al., 2022;
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Additionally, the transport and leaching of PFAS are strongly in-
fluenced by preferential flow pathways generated by physical het-
erogeneities of structured porous media (i.e., macropores, fractures,
and soil aggregates) in the vadose zone (e.g., Zeng and Guo, 2021,
2023). Characterization and modeling of preferential flow and non-
PFAS solute transport in structured porous media have been extensively
studied for several decades (e.g., Clay and Stott, 1973; Rao et al., 1974;
Beven and Germann, 1982; Flury et al., 1994; Flury, 1996; Leij et al.,
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2012; Sharma et al., 2021). A series of dual-continuum model formu-
lations in the forms of dual-porosity or dual-permeability models have
been developed, parameterized, and tested against laboratory and field
observations (e.g., Skopp et al., 1981; Gerke and van Genuchten, 1993;
Pot et al., 2005; Géardenés et al., 2006). While advanced numerical
models that account for a range of PFAS-specific transport mechanisms
have been developed (e.g., Guo et al., 2020; Silva et al., 2020; Zeng
and Guo, 2021; Zeng et al., 2021; Wallis et al., 2022; Zeng and Guo,
2023), none have represented preferential flow and transport in dual-
continuum formulations. Zeng and Guo (2021, 2023) examined the
impact of preferential flow and heterogeneity on PFAS transport in the
vadose zone, where the heterogeneity was explicitly represented in a
single-continuum formulation using a multi-dimensional model.

Compared to advanced numerical models, simpler analytical or
semi-analytical models are often preferable for practical applications
such as screen-type analysis (e.g., contamination site characterization,
risk assessment, design of remedial actions, sensitivity analysis, and un-
certainty quantification). To date, numerous analytical/semi-analytical
models have been developed for the nonequilibrium transport of sorb-
ing and reactive non-PFAS solutes in porous media (e.g., Lindstorm and
Narasimham, 1973; Toride et al., 1993; Chen et al., 2019; Sharma et al.,
2021). Most studies coupled one-site or two-site kinetic models for
the rate-limited adsorption at solid-water interfaces and biochemical
transformation processes with advection—dispersion-type models for
the physical transport processes. These include single-porosity models
that represent the solute transport in a single mobile domain (e.g.,
Lindstorm and Narasimham, 1973), dual-porosity models that represent
the solute transport in a mobile domain and an immobile domain (e.g.,
Toride et al., 1993), and triple-porosity models that represent solute
transport in a fast mobile domain, a slow mobile domain, and an
immobile domain (e.g., Sharma et al., 2021).

Few analytical/semi-analytical models account for PFAS-specific
transport processes in the vadose zone. Guo et al. (2022) developed
an analytical model for PFAS transport in homogeneous vadose zones
assuming instantaneous air-water interfacial adsorption and two-site
rate-limited solid-water interfacial adsorption (referred to as “solid-
phase adsorption” hereafter). Precursor transformation processes were
not considered. The analytical model was later coupled with a
groundwater dilution model to derive soil screening levels for PFAS-
contaminated sites (Smith et al., 2024; Ma et al., 2025). In the present
study, we develop a comprehensive set of models that incorporate
multi-site rate-limited solid-phase and air-water interfacial adsorption,
and first-order transformation in multi-continuum modeling frame-
works including dual-porosity, dual-permeability, and triple-porosity
representations. We derive semi-analytical solutions for all the new
models and evaluate them for various solutes, soil types, soil het-
erogeneity, and wetting conditions using experimentally measured
breakthrough curves. We then apply the semi-analytical solutions to
simulate the retention and leaching of PFAS at a model heteroge-
neous contaminated site and discuss strategies to select the appropriate
level of model complexity for a given contaminated site. To our
knowledge, these multi-continuum models and the semi-analytical
solutions are the first that account for multi-site rate-limited interfacial
adsorption and first-order transformation processes in dual-porosity,
dual-permeability, and triple-porosity formalisms.

2. Conceptual and mathematical models

We develop the conceptual representations for the nonequilibrium
transport of PFAS in a heterogeneous vadose zone that consists of
structured porous media. Following that, we present the mathematical
models and derive the semi-analytical solutions for the models, includ-
ing dual-porosity, dual-permeability, and triple-porosity formulations
that couple multi-site rate-limited interfacial adsorption and first-order
transformation.
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2.1. Conceptual model

We consider a heterogeneous vadose zone containing structured
soils (see Fig. 1a). As discussed in Section 1, structured soils contain
high-conductivity channels (e.g., macropores and fractures) and soil
aggregates. When infiltration occurs, water may rapidly travel through
high-conductivity channels and, in the meantime, gradually enter soil
aggregates. Water in the soil aggregates may exchange mass with the
high-conductivity channels and/or directly flow from one aggregate to
another. A portion of the water in the soil aggregates may be trapped
(e.g., in small and/or dead-end pores) and become stagnant. PFAS
dissolved in water can be transported via advection and dispersion
along the high-conductivity channels and soil aggregates, as well as
between them. PFAS dissolved in the stagnant water in the soil aggre-
gates can exchange mass with the mobile water in the soil aggregates
via molecular diffusion.

We assume that the structured soils are uniformly distributed across
the vadose zone, and represent the vadose zone by a one-dimensional
continuum with two overlapping domains (see Fig. 1b), following the
classic dual-continuum conceptualization (e.g., Skopp et al., 1981). One
domain represents high-conductivity channels (referred to as “fracture
domain” hereafter), while the other represents soil aggregates (referred
to as “matrix domain” hereafter). The matrix domain is further divided
into two overlapping domains—a “mobile” domain containing only
flowing water and an “immobile” domain containing only stagnant
water. Additionally, we assume no direct mass exchange between the
fracture and immobile matrix domains, i.e., the mass transfer with the
fracture domain can only occur through the mobile matrix domain.
The above conceptualization leads to the so-called “triple-porosity”
(fracture, mobile matrix, and immobile matrix) model (e.g., Pot et al.,
2005). Here, we generalize the “triple-porosity” to represent water
flow and PFAS-specific retention and transport mechanisms in the three
domains of a heterogeneous vadose zone. In each domain, PFAS can
be in the aqueous phase or adsorbed at solid-water and air-water
interfaces. The adsorption and desorption can occur instantaneously
or kinetically. PFAS in the aqueous phase may undergo biochemical
transformation.

We also present conceptualizations that simplify from the triple-
porosity representation under certain conditions following the multi-
continuum modeling literature (e.g., van Genuchten and Wierenga,
1976; Gerke and van Genuchten, 1993). When pore spaces in the soil
aggregates are all well-connected and no stagnant water is present, we
remove the immobile matrix domain and obtain the so-called “dual-
permeability” model (e.g., Barenblatt et al., 1960; Leij et al., 2012).
Alternatively, when the water flow and PFAS advection and dispersion
through the soil aggregates are negligible, we approximate the entire
matrix as an immobile domain that can only exchange mass with the
fracture domain via molecular diffusion, which leads to the so-called
“dual-porosity” model (e.g., Warren and Root, 1963). Finally, if we
further assume that the entire vadose zone is homogeneous, we obtain
the simplest “single-porosity” (one domain) model representation.

The terminology for the multi-continuum models discussed varies
in the literature. The triple-porosity model was sometimes referred to
as “triple-porosity, dual-permeability” model (e.g., Bai et al.,, 1993)
to indicate that water in the third continuum (“porosity”) is immo-
bile. Depending on the context, the dual-permeability model was also
called “dual-porosity” model (e.g., Gerke and van Genuchten, 1993) or
“dual-porosity, dual-permeability” model (e.g., Bai et al., 1993). The
dual-porosity model was sometimes referred to as “mobile-immobile”
model (e.g., van Genuchten and Wierenga, 1976; Simtinek and van
Genuchten, 2008) or “dual-porosity, single-permeability” model (e.g.,
Bai et al.,, 1993). In the present study, we adopt the terms “triple-
porosity”, “dual-permeability”, and “dual-porosity” to be consistent
with the terminology for the “single-porosity” model.
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Fig. 1. (a) Schematic of PFAS migration in a heterogeneous vadose zone with structured soils, and the corresponding conceptual models for (b) water flow
and (c) PFAS transport in the vadose zone. In the model conceptualization, the heterogeneous vadose zone is assumed to consist of three domains—a domain
consisting of fractures and other high-conductivity channels, a soil matrix domain containing mobile water, and a soil matrix domain containing immobile water.
The fractures and other high-conductivity channels, mobile matrix, and immobile matrix are each assumed a continuum throughout the vadose zone with distinct
flow and transport mechanisms. When released to the vadose zone, PFAS can transport in domains with mobile water, diffuse in domains with immobile water,
exchange mass between different domains, as well as kinetically adsorb at solid-water and air-water interfaces and biochemically transform in all domains.

2.2. Mathematical models

This section introduces the governing equations and initial and
boundary conditions for all models. In each subsection, we start with
the triple-porosity model. Following that, we simplify the triple-porosity
formulations to obtain the dual-permeability, dual-porosity, and single-
porosity formulations.

2.2.1. Water flow

We assume one-dimensional steady-state gravity-driven (unit head
gradient) infiltration along the vertical direction in the vadose zone
and hydrodynamic equilibrium (i.e., equal hydraulic head) among the
three domains (fracture, mobile matrix, and immobile matrix) at the
same soil depth. Because the elevation head is the same across the three
domains, their water pressure head is also equal. Under gravity-driven
steady-state infiltration, the water pressure head is uniform across the
soil depth. Denoting the bulk volume fraction of the three domains as
wy, Wy, and wyy, (.e., wf + wy, + wy, = 1), we obtain the following
equations,

ly=I¢+1y,= wfkr,f(af)Ksat,f + wmkr,m(ern)K:at,m’
he(0p) = hiy(0) = hi (Oim),

“m”

@

where the subscript “f”, , and “im” denote the fracture, mobile
matrix, and immobile matrix domains, respectively; I, is the total
infiltration rate, and I and I, are the infiltration rates in the fracture
and mobile matrix domains, respectively; k¢ and k, ,, are the relative
permeability in the fracture and mobile matrix domains, respectively;
K, ¢ and K, , are the saturated hydraulic conductivity in the fracture
and mobile matrix domains, respectively;  and 4 with the subscripts
“f”,“m”, and “im” are the water content and water pressure head in the
fracture, mobile matrix, and immobile matrix domains, respectively.
The water pressure head and relative permeability can be computed
as functions of the water content using the van Genuchten-Mualem
model (Mualem, 1976; van Genuchten, 1980).

Eq. (1) describes steady-state water infiltration for the triple-porosity
model. Steady-state water infiltration for the dual-permeability model
can be obtained by setting w;,, = 0 (i.e., w¢ + wy, = 1) and removing
Him(0im)- Removing I, and wyk, 1, (0)ky, (e, wy, = 0 and wy +
win, = 1) and treating the water in the matrix domain as immobile
gives the steady-state water infiltration for the dual-porosity model.
Finally, the steady-state water infiltration for the single-porosity model
(i.e., homogeneous vadose zone) is I, with a water content of w0 +
Wi Oy + Wi Oiy -

2.2.2. PFAS transport

PFAS, in addition to migrating by advection and dispersion in
water, partition to the solid-water and air-water interfaces in each of
the domains including fracture, mobile matrix, and immobile matrix
domains. We represent the partitioning to solid-water and air-water
interfaces by linear multi-site kinetic models. The solid-water and air—
water interfaces are divided into multiple parts (‘“sites”) and PFAS
partition at each site with a different kinetic rate. Additionally, we
represent the precursor transformation by a first-order kinetic model.

We formulate the governing equations for the transport of a PFAS,
which can be a PFAA or a precursor. The equations for a PFAA
and a precursor are almost identical except for the terms related to
transformation. Transformation adds PFAA to the system as a product
(i.e., source term) while it removes precursor from the system as a
reactant (i.e., sink term). Below, we present the general equations that
apply to either a PFAA or a precursor. Any terms that are specific to
the PFAA or precursor will be stated explicitly.

Assuming the fracture domain contains N{* rate-limited solid-phase
adsorption sites and N{" rate-limited air-water interfacial adsorption
sites, the governing equation for the transport of a PFAA or precursor
in the fracture domain can be written as

ocg

dce ¢
6'fRf o + 0fvf 9z Gfo

W
o0 _nyfcp’f+ _fom (Cf—C )

NEY 605"" Z fz 2
+ ) AT —— =0,

o

i=1
where ¢ is the aqueous PFAS concentration; R; is the retardation
factor and Ry = 1 + (Fff‘eNquswpf'f‘Ffa:aKawA?w)/Bf, where FSW is
the fraction of the instantaneous solid-phase adsorption sites, FaW is
the fraction of the instantaneous air-water interfacial adsorption 51tes,
K" and K{" are respectively the solid-phase and air-water interfacial
adsorption coefficients, p; is the soil bulk density, and A" is the
specific area of air-water interfaces in the fracture domain; v; is the
porewater velocity; Dy = vga; , + 7¢Dy is the dispersion coefficient,

where a; . is the longitudinal dispersivity, 7; is the tortuosity which

can be approximated as r; = 07/ 3 /fo where 6 ¢ is the saturated
water content (Millington and Qu1rk 1961), and D, is the molecular
diffusion coefficient in free water; ¢, is the aqueous concentration
of the precursor; ¢ is the transformation rate constant; kg, is the
rate constant for the mass transfer between fracture and mobile matrix
domains; cfw is the PFAS concentration in the i (i=1,2,..., N Sw) rate-
limited solid-phase adsorption site; and ca"" is the PFAS concentrauon
intheith (i=1,2,..
site.

,N, aw) rate-limited alr—water interfacial adsorption
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Eq. (2) applies to either a PFAA or a precursor. For a PFAA, the
sign of the transformation term (ugfc,¢) is negative and c,¢ is an
unknown variable that needs to be obtained from solving the transport
equation for the corresponding precursor. If Eq. (2) is applied to a
PFAA that is the transformation product of multiple precursors, a trans-
formation term needs to be included for each precursor. For a PFAA
with no sources from precursor transformation, the transformation term
is removed. Conversely, the sign of the transformation term (usbscy )
is positive for a precursor and, in this case, ¢, s = c. The resulting
equation directly applies to a precursor that serves as the reactant of
a one-step transformation as well as the first-step reaction of a multi-
step transformation. If a precursor is an intermediate product of a
multi-step transformation, an additional transformation term must be
added to account for the mass generated by that transformation step.
Furthermore, all precursors involved in the multi-step transformation
should be explicitly modeled. Example governing equations for multi-
step transformation and multi-species transport processes can be found
in the literature for non-PFAS solute transport in a single-porosity
domain (e.g., Chen et al., 2019; Nguyen et al., 2024; Ho et al., 2024).

A?w in Eq. (2) can be a critical parameter due to the significant
impact of air-water interfacial adsorption on PFAS transport (e.g.,
Guo et al., 2020). A?"" may be obtained by different experimental
methods, including direct micro-CT imaging (e.g., Culligan et al., 2004;
Brusseau et al., 2007) and indirect measurements by interfacially-
active tracers (e.g., Schaefer et al.,, 2000; Chen and Kibbey, 2006;
Brusseau et al., 2015). If no measured data are available, an alternative
is to estimate A?" using the thermodynamic-based method (Leverett,
1941; Morrow, 1970; Bradford and Leij, 1997). The thermodynamic-
based method assumes that the mechanical work done for air-water
displacement is fully converted to the interfacial energy for generating
air-water interfaces. Based on this assumption, A?" may be estimated
by computing the area under the soil-water characteristic curve as

o [!
aw __
Af —;

S

w.f

Pe(S, ) dS], ¢ 3

where ¢y is the porosity, o is the surface tension with no PFAS present,
P s is the capillary pressure, S, is the water saturation, and S! cisa
dummy variable.

Eq. (3) for the thermodynamic-based air-water interfacial area was
derived based on the assumption of a quasi-static and reversible two-
phase displacement process (Leverett, 1941; Morrow, 1970). It does
not account for the impact of hysteretic phenomena—such as trapped
and disconnected air bubbles in pore spaces (Reeves and Celia, 1996;
Oostrom et al., 2001). It was also suggested that Eq. (3) may not
represent the influence of microscale surface roughness on air-water
interfaces associated with thin water films (Jiang et al., 2020a,b; Chen
and Guo, 2023). To address this limitation, a scaling factor has been
introduced to correct the thermodynamic-based specific air-water in-
terfacial area computed by Eq. (3) (Zeng et al., 2021; Guo et al., 2022;
Silva et al., 2022; Brusseau, 2023a).

Rate-limited solid-phase adsorption and air-water interfacial ad-
sorption in the fracture domain are both described by a first-order
kinetic model

ocgy
— = [ - FK e - ]

P 4
a

—L = [ (1= Pz ) Ko - ]

where Kfs"" is the rate constant at the i solid-phase adsorption site,

Iii SW is the fraction of the i sohd phase adsorption site with respect

to all rate-limited sites (i.e., Z SW = 1 and ffsw(l - FSW) is the
actual fraction with respect to all 51tes) xaw is the rate constant at
the i air-water interfacial adsorption site, f aw is the fraction of the

ith air-water 1nterfac1al adsorption site with respect to all rate-limited

sites (i.e., 2 f =1 and ffa;"’(l - Ffa;"t’l) is the actual fraction with
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respect to all sites). In general, the fractions of the solid-phase and
air-water interfacial adsorption sites and the rate constants can be
arbitrary. Determining these parameters (if arbitrary) can be challeng-
ing as it may require a large number of experimental measurements.
One commonly used approach is to assume that f and « (either /3"
and «", or fI and «{") follow a log-normal distribution (Chen and
Wagenet, 1995, 1997; Culver et al., 1997; Li and Brusseau, 2000),
ie, fk) = —=— exp ( (1og(2;;); %)? ) where # and o, are the mean and
standard dev1a”t’;60kn of k. Practlcally, it is often assumed that there is a
finite number of rate-limited adsorption sites (either N, fsw or Nf"“’") and
that each site is associated with a k spaced at equal intervals. We can
then compute the fraction f for each site. This leads to the so-called
“multi-site” model that includes multiple adsorption sites (including
rate-limited and instantaneous adsorption sites). When the number of
rate-limited adsorption sites is 1 (NfSW =1or Nfa"" = 1), the multi-site
model is reduced to a “two-site” model that includes one rate-limited
adsorption site and one instantaneous adsorption site. The two-site
model does not need a log-normal distribution. It only requires the total
fraction of the rate-limited site and the rate constant of the rate-limited
adsorption.

Similar equations can be written for PFAS transport in the mobile
matrix domain with additional terms representing the mass exchange
with the immobile matrix domain. The immobile matrix domain may
contain soil aggregates of varying sizes that exchange mass with the
mobile domain at different rates (i.e., different time scales), which we
represent using a multi-domain model. Assuming that the immobile
matrix domain consists of N;, soil aggregates (referred to as “sub-
domains” hereafter) and that the mobile matrix domain contains N3
rate-limited solid-phase adsorption sites and N3 rate-limited air-water
interfacial adsorption sites, the governing equation for PFAS transport
in the mobile matrix domain is given by

dcy dcy 0%y
0 Ry —= o = 40,0, mg, —0,D,, = * O Cpm —

Kf,m(cf - Cm)
N3V Csw N Nim %)
mt
+ 2 Pm ot + Z m ()t wlm Z wlthmlmx(C Cim,i) =0

m =1

where &, i, ; is the rate constant for the mass transfer between the mo-
bile matrix domain and the it (i = 1,2, ... , Niy) immobile subdomain,
¢im,; is the aqueous PFAS concentration in the it G o=1,2,.. , Nim)
immobile subdomain, w;,,; is the fraction of the bulk volume of ith
immobile matrix subdomain (i.e., Z’Z‘f‘ Wim; = 1), and the remaining
variables and parameters for the mobile matrix domain follow the same
definitions as those in Eq. (2). The sign for the transformation term

6’mcp = follows the same convention as that in Eq. (2) for a PFAA or
a precursor, as discussed earlier.

Like that in the fracture domain, the rate-limited solid-phase adsorp-
tion and air-water interfacial adsorption in the mobile matrix domain
are both described by a first-order kinetic model

acsw

mi_esw | pswip _ psw )sz sw
ot - Km.i fm,i( m,eq cm,i ’

oc™ Q)
L [ £ K e — e

where the variables and parameters for the mobile matrix domain
follow the same definitions as those in Eq. (4).

Finally, we present the governing equation for the PFAS in the
i™ (i = 1,2,..., Ny,,) immobile matrix subdomain. Assuming each it
subdomain contains one rate-limited solid-phase adsorption site and
one rate-limited air-water interfacial adsorption site, we obtain

aCim,i

Bim,i Rim,i o T :“im,,-gim,icp)im,i — Km,im,i (€m — Cim.i)

acsw oe aw (7)
im,i aw _ imji

+pim ——— 5 + Al > = 0,

where Ry, ; is the retardation factor in the i immobile matrix subdo-
SW sw aw aw jgaw SwW i

main and R1m1_1+<F1meq1K Pim + Feq i Kim A5 )/Glml, Fieq 18
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the fraction of the instantaneous solid-phase adsorption site, F;‘:”eqj is
the fraction of the instantaneous air-water interfacial adsorption site,
and the remaining variables and parameters (including the sign for the
transformation term) follow the same definitions as those in Eq. (2)
and Eq. (5).

The rate-limited solid-phase adsorption and air-water interfacial
adsorption in the immobile matrix domain, following a first-order

kinetic model, is given by
dc

sw
imi _ sw _sw sW _SW
or Kim,i [(1 Fim,eq.i) Kim Cim,i Cim,i] >

9eaW (8
imi _ aw _ paw aw _aw
R Kim,i [(1 Fim,eq,i)Kim Cim,i Cim,i] .

Egs. (2)—(8) provide the one-dimensional governing equations for
the triple-porosity model. These equations can be reduced to obtain
the governing equations for the dual-permeability, dual-porosity, and
single-porosity models. For example, removing the mobile-immobile
mass-transfer term (i.e., %‘: Zfi‘{" Wim iXm,im,i(¢m — ¢im,;)) in Eq. (5)
and the governing equations for the immobile matrix subdomains
(i.e., Egs. (7)-(8)) leads to the dual-permeability model. The dual-
porosity model can be recovered by removing Egs. (5)-(6) and con-
necting the fracture domain with the immobile matrix domain (see
the resulting equations in Appendix B). Finally, the single-porosity
model is obtained from Eq. (2) by removing the fracture-matrix mass
transfer term and replacing the variables and parameters with their
domain-averaged quantities.

Initial and boundary conditions are required to solve the governing
equations presented above, which are described in the following two
sections, respectively.

2.2.3. Initial conditions

We first present the initial conditions for the triple-porosity model,
and then show how they can be reduced to obtain the initial conditions
for the dual-permeability, dual-porosity, and single-porosity models.
All equations apply to both a PFAA and a precursor, thus we do not
explicitly differentiate them.

In the fracture domain of the triple-porosity model, the initial
aqueous PFAS concentration can be written as

c(z,t =0) = c?(z). ()]

The initial PFAS concentrations in the rate-limited solid-phase and
air-water interfacial adsorption sites are respectively given by
,0 .
cz‘;"(z,l =0)= c;tv (2), i=12,... ,Nfsw,

Wzt =0)=c"0%2), i=12.. NV (4o
fi 0 T T (A A

Similarly, the initial aqueous PFAS concentration in the mobile
matrix domain can be written as

cm(z,t=0)= cgl(z). an

The initial PFAS concentrations of the rate-limited solid-phase and
air-water interfacial adsorption sites in the mobile matrix domain are
respectively given by

SW _ _ sw,0 . SW
Cmi(zt=0)=c 7 (2), i=12...,N,

aw,0 *
izr=0 = %), =12 Ny

For the immobile matrix domain, the initial aqueous PFAS concen-
tration in the i subdomain can be written as
(z,t=0)=c (2), (13)

cim,: im,i

where i = 1,2,..., N;,. The initial PFAS concentrations of the rate-
limited solid-phase and air-water interfacial adsorption sites in the
immobile matrix domain are respectively given by

W (z,t=0)= c?w’o(z),

im,i im,i (1 4)

aw _ _aw,0
cim’i(z,t =0)= Cim (2),
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where i = 1,2, ..., Ni,.

Egs. (9)-(14) provide all required initial conditions for solving the
triple-porosity model. The initial conditions for the dual-permeability
model are given by Egs. (9)-(12), while those for the dual-porosity
model are given by Egs. (9)-(10) and Egs. (13)—(14). For the single-
porosity model, the initial conditions are given by the aqueous concen-
tration, solid-phase adsorption, and air-water interfacial adsorption av-
eraged across all three domains (fracture, mobile matrix, and immobile
matrix domains).

The initial conditions presented above can be any arbitrary func-
tions in space. Note that the initial PFAS concentrations in different
domains and adsorption sites may be related to each other under
certain conditions (e.g., under equilibrium conditions).

2.2.4. Boundary conditions

Similar to Section 2.2.3, we present the boundary conditions for
the triple-porosity model, and then introduce how they can be reduced
to obtain the boundary conditions for the dual-permeability, dual-
porosity, and single-porosity models. All equations apply to both a
PFAA and a precursor.

We employ a flux-based aqueous concentration condition for the
top boundary and a zero aqueous concentration gradient condition at
the bottom boundary for both the fracture and mobile matrix domains.
Assuming semi-infinite domains, we obtain

2 - o & |2 Zo (15)
52 UfCe i = UgCtinl7), oz |, =0,
and
ac, ac,
[—Dma—;“ + umcmL:O = UpCmin(), & [T:]zm =0, (16)

where ¢, (1) and cp, 1,(1) are the aqueous concentrations at the inlet
(z = 0) of the fracture and mobile matrix domains at time ¢. No
boundary conditions are needed for the immobile matrix domain.

The boundary conditions for the dual-permeability model are the
same as the triple-porosity model (i.e., Egs. (15)—(16)). For the dual-
porosity model, only Equation (15) is needed, which gives the boundary
conditions for the fracture domain. The boundary conditions for the
single-porosity model are given by the weighted average of Egs. (15)
and (16) using w6y and w0, as their weights, respectively.

2.3. Semi-analytical solutions

We solve the governing equations for all the models (Section 2.2.2)
semi-analytically using Laplace transform and inverse Laplace trans-
form subject to the initial conditions and boundary conditions (Sec-
tions 2.2.3-2.2.4). We summarize the key procedures below and present
additional details in the appendices.

We first nondimensionalize the governing equations, initial condi-
tions, and boundary conditions, and perform Laplace transforms both in
time and in space. The equations in the Laplace domain are then solved
algebraically. Following that, we perform inverse Laplace transforms in
space (analytically) and in time (numerically) to obtain the physical
solutions. The detailed derivations for the triple-porosity and dual-
permeability models are provided in Appendix A, and those for the
dual-porosity and single-porosity models are presented in Appendix B.

3. Model evaluation and validation

We use three sets of miscible displacement experiments (i.e., lab-
oratory experiments in which water containing a dissolved solute is
injected into a soil column under steady-state water flow conditions)
from the literature to evaluate and validate the semi-analytical models.
For each simulation, we also verify the semi-analytical models by
comparing with their numerical solutions.
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Table 1

Parameters for simulating the miscible displacement experiments with
packed homogeneous soils under saturated and unsaturated conditions.
Most parameters are collected from the literature (Brusseau et al., 2015,
2019) except for the solid-phase adsorption parameters, which are ob-
tained by model calibration. The adsorption parameters are assumed to
be the same under saturated and unsaturated conditions.

Physical and transport parameters

Parameter Unit Vinton Eustis
L cm 15 20
v cm/hr 30 30
a cm 0.2 0.5
¢ cm?/cm? 0.42 0.36
p g/cm? 1.51 1.69
Solid-phase adsorption parameters
Parameter Unit Vinton Bustis

PFOS SDBS PFOS SDBS
KV cm’/g 0.54 0.60 0.76 1.3
Two-site model
Fs¥ - 0.92 0.39 0.88 0.41
KW hr! 0.70 1.66 1.2 0.54
Multi-site model
FV - 0.97 0.19 0.88 0.41
i hrt 2.0 5.8 2.8 2.2
O sw hr! 1.8 19 3.6 4.8

3.1. Simulating miscible displacement experiments in saturated homoge-
neous soils

We first consider saturated miscible displacement experiments re-
ported by Brusseau et al. (2019) for two interfacially-active solutes
(PFOS (perfluorooctane sulfonic acid), and SDBS (sodium dodecylben-
zene sulfonate)) conducted using packed homogeneous soil columns.
The objective is to test the representation of multi-site rate-limited
solid-phase adsorption (Brusseau et al., 2019) that was not included
in the prior analytical models for PFAS transport (Guo et al., 2022).

In each experiment, a pulse injection of PFOS solution (10 mg/L) or
SDBS solution (10 mg/L) is introduced at the inlet of the saturated soil
column under steady-state flow. Breakthrough curves are constructed
from a time series of aqueous concentrations at the outlet. Additional
details of the experimental setup and soil hydraulic parameters are
presented in Table 1.

Because the packed soil column is homogeneous, we simulate the
experiments using the single-porosity model. For comparison, the sim-
ulations apply both the two-site and multi-site models for solid-phase
adsorption, which allows us to evaluate the importance of represent-
ing multi-site rate-limited solid-phase adsorption. The two-site model
has two undetermined parameters: the fraction of the instantaneous
site (F*V), and the rate constant for kinetic adsorption (xSV). The
multi-site model has four undetermined parameters: the fraction of
the instantaneous site (FSV), the number of rate-limited sites (NSV),
and the mean and standard deviation of the rate constant for kinetic
adsorption (" and o,sw). We set NSV = 100 for the multi-site model,
because we find that a further increase of NS does not notably improve
the results, consistent with previous studies (Brusseau et al., 2019).
We determine the unknown parameters for both models via calibra-
tion. The calibration uses the Nelder-Mead optimization algorithm
(or downhill simplex method) to find parameters that minimize the
root mean square error of log-scale aque()lll?zconcentrations, defined as
RMSEjog = (£ 21, (10g cim, — 102 cobs,)*) and cops; are
the normalized simulated and observed aqueous concentrations and n
is the number of data points.

We summarize the calibrated parameters in Table 1, and present
the simulated and measured breakthrough curves in Fig. 2. In all cases,
the multi-site model presents better agreements with the measurements
than the two-site model. The two-site model does not capture the

where cgp, ;
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long tailing at later times, whereas the multi-site model matches well
with later-time aqueous concentrations. For Vinton and Eustis soils,
RMSEIOg for PFOS decreases from 1.52 and 9.47 (two-site model) to
0.98 and 7.02 (multi-site model), respectively. For SDBS, RMSEIog
are reduced from 0.36 and 1.09 to 0.33 and 0.35 for the two soils
when the multi-site model is used. The semi-analytical solutions are
also verified by their numerical solutions obtained from solving the
governing equations using a backward Euler finite difference method.
As shown in Fig. 2, the two solutions overlap for all cases.

3.2. Simulating miscible displacement experiments in unsaturated homoge-
neous soils

Using the calibrated solid-phase adsorption parameters from the
saturated experiments in Section 3.1, we simulate two miscible dis-
placement experiments for SDBS in Vinton soil conducted under un-
saturated conditions (Brusseau et al., 2015). An experiment with a
water saturation of S,, = 0.82 is established by drainage and another
with a water saturation of S, = 0.80 is established by imbibition.
We assume instantaneous air-water interfacial adsorption (Brusseau,
2020; Zeng et al., 2021) and collect air-water interfacial adsorption
parameters A?Y and K2V from literature (Brusseau et al., 2015). The
A®V is determined by interfacial tracer experiments and the K2V is
computed by the Langmuir isotherm from measured surface tension
data for SBDS. The calculations yield A2 = 68cm™! at S, = 0.82 and
A =6lcm~! at S, = 0.80, and K =2.9 x 1073 cm.

The predicted and measured breakthrough curves are presented in
Fig. 3. The analytical and numerical solutions overlap for all cases
and both generally agree with the experimental data. The multi-site
model provides better predictions of the breakthrough curves than the
two-site model as expected from the comparisons in Section 3.1. The
RMSEj,, for the multi-site model are 0.27~0.77 times smaller than
that for the two-site model. While the multi-site model matches the
S, = 0.82 experiment well, it deviates slightly from the S, = 0.8
experiment (Fig. 3b), e.g., the model prediction did not capture the
long tail. Because the solid-phase adsorption is not expected to differ
between the two experiments, the deviation might be caused by exper-
imental variability (Guo et al., 2022). Because the model simulations
are predictions with no parameter tuning, a good agreement between
the simulations and experiments validates the multi-site model for rep-
resenting rate-limited solid-phase adsorption in unsaturated miscible
displacement experiments.

Furthermore, because the two-site model is identical to the ana-
lytical solution of Guo et al. (2022), the better match between the
multi-site model and experimental data indicates that the multi-site
model provides a more realistic representation of the actual physi-
cal processes occurring in the simulated experiments. This enhanced
capability enables more accurate simulations and better quantitative
analyses of PFAS transport behaviors in more complex porous media
systems.

3.3. Simulating miscible displacement experiments in unsaturated heteroge-
neous soils

This section further evaluates the dual-porosity and dual-permeabi-
lity models by simulating unsaturated miscible displacement experi-
ments in heterogeneous soils. Because experiments for PFAS and hy-
drocarbon surfactants in heterogeneous porous media are limited and
not well constrained (Hitzelberger et al., 2022; Liu et al., 2024), we
focus on simulating miscible displacement experiments conducted for
other interfacially-active solutes (Pot et al., 2005).

We simulate two sets of miscible displacement experiments. Each set
consists of three independent experiments conducted in an undisturbed
soil core sampled from a tile-drained agriculture field (Pot et al., 2005).
For each independent experiment, a pulse of solute solution is injected
at the inlet under steady-state unsaturated flow, and a time series of
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Fig. 2. Simulated vs. measured breakthrough curves for two interfacially active solutes (PFOS and SDBS) and two soil types (Vinton and Eustis) under saturated
conditions. The simulations include numerical (dashed lines) and semi-analytical (solid lines) solutions of a single-porosity model with two-site and multi-site
solid-phase adsorption. The measured data (circles, denoted as “Measured”) are from Brusseau et al. (2019).
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Fig. 3. Predicted vs. measured breakthrough curves for SDBS in Vinton soil under two unsaturated conditions: (a) .S,, = 0.82 (established by drainage), and (b)
S,, = 0.80 (established by imbibition). The simulations include numerical (dashed lines) and semi-analytical (solid lines) solutions of a single-porosity model
with two-site and multi-site solid-phase adsorption. Adsorption at air-water interfaces is assumed to be in equilibrium. The measured data (circles, denoted as

“Measured”) are from Brusseau et al. (2015).

aqueous concentrations is measured at the outlet to construct a break-
through curve. Three solutes are used, including bromide (a passive
solute) and two herbicides (Isoproturon and Metribuzin). Isoproturon
and Metribuzin both adsorb at solid-water interfaces and degrade in
water (i.e., reactive tracer). The experimental parameters have been
reported in Pot et al. (2005), which we summarize in Table 2.

We employ the dual-porosity and dual-permeability models with
two-site kinetic solid-phase adsorption. Each simulation set begins
by determining the flow and transport parameters for the fracture
and matrix domains—including bulk volume fractions of fracture and
matrix domains, water contents, infiltration rates, dispersivities, and
fracture-matrix mass transfer rate constants. Because the fracture and
matrix domains are not explicitly differentiated for intact soil cores, we
calibrate the flow and transport parameters for the two domains using
the breakthrough curves of the passive solute bromide (see Fig. 4a,d
and Table 2). Then we use the herbicide breakthrough curves to esti-
mate the parameters for solid-phase adsorption and transformation (see
Table 3).

The comparisons between the simulated and measured
breakthrough curves (see Fig. 4) suggest a better performance of
the dual-permeability model than the dual-porosity model. The dual-
permeability model captures the bimodal behavior of the breakthrough
curves for the passive and reactive solutes in both soil cores. In contrast,
the dual-porosity model] fails to do so. As expected, the RMSE =
(i Yy (simi — cobs‘,-)2> for the dual-porosity model simulations
(0.010~0.044) is greater than that for the dual-permeability model
(0.006~0.019). Due to the relatively weak solid-phase adsorption (see
Table 3), Isoproturon and Metribuzin do not exhibit significant reten-
tion. However, they undergo significant degradation. We quantify the
degree of degradation using the ratio between the breakthrough mass
and the total injected mass (i.e., 1—/;° e, (ndt/ I ¢, (1) dt, where ¢, (1)
and ¢, (1) are respectively the aqueous concentrations at the inlet and
outlet at time ¢). The results suggest that 62% of the Isoproturon mass
and 40% of the Metribuzin mass are degraded in soil core 1. Conversely,
28% of Isoproturon and 36% of Metribuzin in soil core 2 are degraded
due to smaller degradation rates (see Table 3).
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Fig. 4. Model evaluation in unsaturated heterogeneous soils by comparing breakthrough curves simulated by numerical (dashed lines) and semi-analytical (solid
lines) solutions against those measured by Pot et al. (2005) (circles, denoted as “Measured”). We simulate three solutes—including one passive solute (bromide) and
two reactive herbicides (Isoproturon and Metribuzin)—in two undisturbed soil cores using the dual-porosity model (denoted as “DualPoro”) and dual-permeability

model (denoted as “DualPerm”).
4. Demonstration of model application

We present an example application to illustrate how the semi-
analytical models can be used to quantify long-term PFAS leaching and
transport in heterogeneous vadose zones at a model agricultural site
impacted by the land application of PFAS-contaminated biosolids. We
introduce below the details of the problem setup, simulation results,
and analysis.

4.1. Problem setup

We consider a 4-meter deep vadose zone consisting of a uniform
structured soil. We assume that PFAS-containing biosolids had been
applied annually to the land for 30 years. Two example PFAS are
considered in the biosolids: PFOS (a PFAS not known to degrade in
the environment) and PFOSB (perfluorooctane sulfonate betaine, which
is a precursor that may transform into PFOS). Because PFOS in the
soil may be directly released from biosolids or produced from PFOSB
transformation, we differentiate the two by referring to the former as
“legacy” PFOS and the latter as “PFOSB-derived” PFOS. We consider
an annual precipitation of 60 cm and an annual average irrigation of
45.72 cm (Smith et al., 2024). The precipitation and irrigation lead to

a net infiltration rate of 9.144 cm. The soil hydraulic properties and
PFAS transport parameters are presented in Table 4.

The initial concentration profile of PFAS at the site is generated
by simulating PFAS contamination from 30 years of biosolids land
application and the subsequent transport in the vadose zone using the
dual-permeability model. Descriptions for how the initial concentra-
tion profile is generated are presented in Appendix D.1. We take the
initial concentration profile and apply the dual-permeability model to
simulate PFAS leaching in the vadose zone during post-contamination,
i.e., no additional PFAS-containing biosolids are applied to the site. In
addition to the base case simulation by the dual-permeability model, we
also conduct simulations using the dual-porosity model and an effective
single-porosity model. The dual-porosity model assumes that water is
immobile in the matrix domain and PFAS therein can only transport
downward by exchanging mass with the fracture domain. The effective
single-porosity model is constructed by further simplifying the dual-
porosity model assuming that the residence time for PFAS in the vadose
zone is sufficiently long such that the fracture and matrix domains
can be considered as in equilibrium. The governing equation for the
effective single-porosity model is given by

dc dc 0%

R—+U——D—2i/4cp=0,

17)
ot dz 0z



S. Chen and B. Guo

Table 2

Parameters for simulating breakthrough curves in heterogeneous soil
cores under unsaturated conditions. The experimental data are obtained
from Pot et al. (2005) and the parameters are determined by model
calibration.

Parameter Unit Soil core 1 Soil core 2

Experimental setup

L cm 30 30

14 cm?/cm? 0.398 0.375

1, cm/hr 0.308 0.326

Injection time Pore volume 0.1548 0.1741

p g/cm’ 1.25 1.25

Dual-porosity model

Fracture domain

s cm?3/cm? 0.278 0.298

ap ¢ cm 5.74 20.85

Ktim hr! 0.0003 0.0305

Immobile matrix domain

Oim cm?/cm? 0.120 0.077

Dual-permeability model

Fracture

we - 0.42 0.44

wel¢/ 1 - 0.8403 0.9996

0 cm’/cm? 0.1952 0.3545

g cm 7.462 20.85

Km hr! 0.0443 0.09145

Matrix

[ cm’/cm? 0.5448 0.3911

[ cm 1.00 1.00
Table 3

Model parameters for Isoproturon and Metribuzin in the undisturbed soil cores
under unsaturated conditions.

Parameter Unit Soil core 1 Soil core 2

Isoproturon Metribuzin Isoproturon Metribuzin
Dual-porosity model
KV g/cm? 1.31 1.17 1.28 0.64
T - 2.3e-2 1.64e-2 3.6e-2 4e-3
F;:’ - 2.62e-2 2.74e-2 3.6e-2 4e-2
K hr! 5.47e-2 5.75e-2 7.46e—2 0.1296
" hr! 0.11325 6.375e-2 0.1284 6.5e-2
Dual-permeability model
K g/cm? 1.31 1.17 1.28 0.64
o - 8.625e—-2 6.56e—2 3.6e-2 4e-3
F3 - 0.131 0.137 0.994 0.321
K hr! 8.205e-3 8.625e—-3 7.46e-3 1.296e-2
u hr! 4.53e-2 1.53e-2 1.07e-2 6.5e—-3

where ¢ is the aqueous PFAS concentration, ¢p is the aqueous precur-
sor concentration, and R, v, D, and u are respectively the effective
retardation factor, porewater velocity, dispersion coefficient, and trans-
formation rate constant. The effective parameters are derived from
those of the dual-porosity model through a temporal moment analysis

method (see Appendix C), which yields R = W, v = vg

D = Dy, and p = Wm where the subscripts “f” and “i
denote the parameters defined in the fracture and immobile matrix
domains of the dual-porosity model.

The above simulations are conducted separately for PFOS and
PFOSB. The PFOS simulations focus on the transport of legacy PFOS,
while the PFOSB simulations—which exclude any release of legacy
PFOS from biosolids—examine the movement of PFOSB and its trans-

formation into PFOS. The results are analyzed in the following section.
4.2. Long-term PFAS mass discharge and accumulation

We first analyze the base case dual-permeability simulation results.
The mass discharge from the vadose zone to groundwater and the spa-
tial aqueous concentration profiles in the fracture and matrix domains
are presented in Fig. 5. The results suggest that both PFOS and PFOSB
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Table 4

Soil properties and PFAS transport parameters (Smith et al., 2024) for
field-scale simulations of PFAS transport in a heterogeneous vadose zone.
Note that due to the lack of field data and experimental characterizations,
the PFOSB release rate is assumed to be the same as PFOS and its
interfacial adsorption coefficients are estimated based on quantitative-
structure/property-relationship models (Brusseau and Van Glubt, 2021;
Brusseau, 2023b). The solid-phase adsorption coefficient is computed
from the product of the organic carbon normalized sorption coefficient
and the fraction of organic carbon (Brusseau, 2023b). The transformation
rate constant of PFOSB is estimated from its half-life time (Liu et al.,
2021) using a first-order transformation model.

Parameter Unit Value

Soil properties Fracture Matrix
w - 0.03 0.97

p g/cm? 1.58 1.66

o, cm®/cm? 0.0 0.0

0, cm?/cm? 0.75 0.457
ayg em™t 0.1 0.03
fvg - 1.8 1.15

k cm/hr 20.1 2.54e-1
PFAS transport PFOS PFOSB
Release rate g/cm?/yr 6.72e-8 6.72e-8
M, g/mol 500.13 587.32
Kim hr! 4e-3 4e-3

a cm 24.4 24.4
K cm 4.79e-2 1.26e-1
K cm®/g 1.03 4.47

u hr? 0 4.28e-5

are strongly retained in the vadose zone. Less than 66% of legacy
PFOS and 25% of PFOSB and PFOSB-derived PFOS are discharged
to groundwater after 200 years. Of the total PFAS mass (accounting
for both PFOS and PFOSB) discharged to groundwater, the majority
(approximately 98%) of the leaching occurred through the fracture
domain.

The residence time for PFOS and PFOSB in the fracture domain
is approximately 20 years and 54 years, respectively. They are even
greater in the matrix domain (approximately 9.6x10° years for PFOS
and 2.9x10* years for PFOSB). The residence time is much greater
than the time scale of fracture-matrix mass transfer (approximately
10 days), giving sufficient time for PFAS in the fracture and matrix
domains to reach equilibrium. Therefore, no significant nonequilib-
rium transport phenomena (e.g., early arrival and long tail) are ob-
served. Similarly, because the residence time is also much greater than
the half-life time of PFOSB transformation (approximately 1.8 years),
the majority of PFOSB (approximately 93% by the end of the 800-
year simulation) has been transformed into PFOS before reaching the
groundwater. The transformation of PFOSB adds additional PFOS mass
discharge to groundwater. Under the simulated conditions, the PFOSB-
derived PFOS accounts for 48% of the total PFOS (including legacy and
PFOSB-derived PFOS) mass discharge to groundwater.

The simulations by the dual-permeability and dual-porosity models
are almost identical (see Figs. 5a-b and Fig. D.2). We quantify their
differences using the first and second temporal moments of the mass
discharge concentration curves, i.e., dm, = |(m, pyaperm = Mp.DualPoro)/
My, Duatperm| X 100%, where m, is the first (n = 1) or second (n = 2) tem-
poral moment, and the subscripts ‘“DualPerm” and “DualPoro” denote
the dual-permeability and the dual-porosity models (see Appendix C
for the calculations of m,). The computed ém; and ém, are respectively
0.0019% and 0.0067% for PFOS, and 4.6% and 5.0% for PFOSB.
The difference between the dual-permeability and dual-porosity mod-
els is small because the residence time of PFOS and PFOSB in the
matrix domain is much greater than those in the fracture domain,
i.e., PFOS and PFOSB can be considered essentially immobile in the
matrix domain. This suggests that a dual-porosity model is sufficient
for simulating PFAS transport in the vadose zone under the set of
conditions considered at the site.
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Fig. 5. Long-term PFAS leaching and mass discharge in a heterogeneous vadose zone. The contamination phase (0~30 years) is simulated by a dual-permeability
model, followed by three independent post-contamination simulations: a dual-permeability simulation (denoted as “DualPerm”), a dual-porosity simulation
(denoted as “DualPoro”), and an effective single-porosity simulation (denoted as “SinglePoro”). (a-b) are the mass discharge rates computed from all three
models and (c-d) are the aqueous concentration profiles in the fracture domain and matrix domain computed from the dual-permeability model. The aqueous
concentrations are normalized by the inlet PFOS (c) or PFOSB (d) concentrations. For clarity, we refer to the PFOS directly released from biosolids as “legacy
PFOS”, while that generated by PFOSB transformation as “PFOSB-derived PFOS”.

Notably, the effective single-porosity model simulation also
gives results almost identical to those of the dual-permeability and
dual-porosity models. The computed relative differences of the first
and second moments (6m; and ém,) are respectively 0 and 1.6% for
legacy PFOS simulations and are respectively 3.5% and 7.0% for PFOSB
simulations. Here 6m,, is defined as 6m, = |(m, pyaporo = Mn,singlePoro)/
My, Duatporo| X 100% where the subscript “SinglePoro” denotes the single-
porosity model (see Appendix C for the calculations of m,). The excel-
lent agreement between the single-porosity and dual-porosity models
is expected given the earlier observation that PFAS in the fracture and
matrix domains can be considered as in equilibrium.

The analyses presented above suggest a more general model simpli-
fication strategy. A priori, one can estimate the residence time of the
PFAS in the fracture and matrix domains, and the time scale of mass
transfer between the fracture and matrix domains. If the residence time
in the matrix domain is much greater than that in the fracture domain,
a dual-porosity model should be sufficient. Furthermore, if the mass
transfer time is much smaller than the residence time in the fracture
domain, we can further simplify by employing an effective single-
porosity model. In this case, the analytical solutions presented in Guo
et al. (2022) can be directly modified (using the parameterization of the
effective single-porosity model) to conduct the simulation. The criteria
for determining the relative importance of different transport processes
based on their time scales and selecting the appropriate model options
can be derived from the (semi-)analytical solutions (e.g., Valocchi,
1985), which we summarize in Appendix C.

Finally, we recognize that the semi-analytical models in the present
study rely on a steady-state infiltration assumption that may not hold
under all conditions. For instance, rainfall or irrigation events can
create strong transient water flow near the land surface, particularly
during initial wetting and subsequent drainage. Under such conditions,
the semi-analytical models assuming steady-state may predict PFAS
concentration profiles in the upper ~1 meter of soil that are notably
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different from the numerical simulations representing transient infil-
tration (Zeng and Guo, 2023). However, numerous field observations
and modeling studies of non-PFAS solute transport show that these
transient effects attenuate rapidly with depth and become negligible in
deeper vadose zones (e.g., van Genuchten and Wierenga, 1976, 1977,
Jury and Horton, 2004; Russo and Fiori, 2008). Furthermore, recent
PFAS modeling studies indicate that infiltration-driven transients (30-
min resolution rainfall) have a relatively minor impact on the long-term
leaching of the strongly interfacially-active (e.g., longer-chain) PFAS,
even in highly heterogeneous vadose zones (Zeng and Guo, 2023).
Therefore, the steady-state infiltration assumption is likely appropriate
for modeling long-term PFAS leaching in vadose zones that extend
beyond the shallow soil layer (e.g., deeper than 2 to 3 meters below
the land surface).

5. Summary and conclusion

We have developed a set of semi-analytical models for simulat-
ing the long-term fate and transport of PFAS in heterogeneous va-
dose zones and their mass discharge to groundwater. We employ
the dual- or multi-continuum conceptualization that represents the
high-conductivity channels (e.g., macropores or fractures) and low-
conductivity matrix domains (e.g., soil aggregates) as overlapping
continua. Depending on the specific representation used for the ma-
trix domain, we have formulated three models: dual-porosity, dual-
permeability, and tripe-porosity models. The dual-porosity and dual-
permeability models represent the high- and low-conductivity transport
pathways by two overlapping domains (i.e., a fracture domain and a
matrix domain). The dual-porosity model assumes water is mobile in
the fracture domain but immobile in the matrix domain, while the dual-
permeability model considers mobile water in both domains. Compared
to the dual-permeability model, the triple-porosity model includes an
additional immobile matrix domain.
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All three models account for PFAS-specific retention and trans-
port processes, including advective and dispersive transport, two-site
and multi-site rate-limited adsorption at solid-water and air-water
interfaces, and biochemical transformation. We assume steady-state
infiltration and linear interfacial adsorption, and derive semi-analytical
solutions for the models. The semi-analytical solutions allow for ar-
bitrary initial and boundary conditions for the transport equations.
To the best of our knowledge, these semi-analytical models are the
first that couple multi-site rate-limited solid-phase and air-water in-
terfacial adsorption and biochemical transformation into dual-porosity,
dual-permeability, and tripe-porosity model formalisms.

These semi-analytical models have been tested and evaluated for
simulating miscible displacement experiments for a wide range of
solutes (passive or interfacially-active), soil types, soil heterogeneities,
and wetting conditions. Example one-dimensional field-scale simula-
tions demonstrate that the models are capable of simulating long-term
leaching and mass discharge of PFAS in the presence of precursor
transformation in heterogeneous vadose zones. The results using two
example longer-chain PFAS (PFOS and PFOSB) suggest that the large
residence time (due to strong retention) in the vadose zone has elim-
inated any nonequilibrium behaviors (e.g., no early-arrival and long-
tailing) under the simulated conditions. The large residence time also
gives sufficient time for the precursor to transform into PFOS, which
adds additional mass discharge of PFOS to groundwater. We have also
illustrated that the dual-porosity model may be sufficient to simulate
PFAS transport in the heterogeneous vadose zone if the residence time
in the matrix domain is significantly greater than that in the fracture
domain. Furthermore, a much simpler effective single-porosity model
may be used when the residence time of PFAS in the vadose zone is
much greater than the time scale of mass transfer between the fracture
and matrix domains. Based on these analyses, we have developed a
generalized strategy to guide the selection of the appropriate model.

Due to their computational efficiency, the semi-analytical solu-
tions can be used as practical tools for screen-type analysis at PFAS-
contaminated sites. Although the semi-analytical solutions assume a
uniform heterogeneous vadose zone, they can indirectly account for
the impact of spatial heterogeneity by running Monte Carlo simulations
for a wide range of soil types relevant to a specific site. These simula-
tions can provide the upper and lower bounds for expected long-term
PFAS leaching and mass discharge at the contaminated sites. The com-
puted mass discharge rates can also be incorporated into groundwater
transport models (e.g., simple dilution factor models or other more so-
phisticated process-based models) to establish PFAS-specific soil screen-
ing levels for heterogeneous vadose zones, as recently demonstrated
by Smith et al. (2024) and Ma et al. (2025) using the analytical solution
of Guo et al. (2022) for homogeneous vadose zones. We anticipate that
these efforts will advance site characterization, risk assessment, and
design of remedial actions for PFAS-contaminated sites.
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Appendix A. Semi-analytical solutions for dual-permeability and
triple-porosity models

We derive the semi-analytical solutions for the dual-permeability
and triple-porosity models using the Laplace transform and inverse
Laplace transform. Because the two models share the same procedure,
the more sophisticated triple-porosity model formulations are used to
illustrate the general derivations. To obtain the solutions for the dual-
permeability model, one only needs to remove all the terms related
to the immobile matrix domain and repeat the following procedures.
The derivations for PFAAs and precursors are almost the same, except
for one derivation step right after taking the Laplace transform of the
governing equations in time. We explain the difference in the Laplace
transform (Appendix A.3).

A.1. Nondimensionalized governing equations

We nondimensionalize the governing equations (Egs. (2)-(8)), ini-
tial conditions (Egs. (9)-(14)), and boundary conditions (Egs. (15)-
(16)) using the following dimensionless parameters: & = (wgbvs +
Wi 0mUm)/0 where 0 = wbs+w, 0+ Wi 0im, T =1/(L/0), and Z = z/L.
Because the PFAS concentration shows up linearly in every term and
it does not influence the derivation, we keep its dimensional form to
simplify the notation.

After the nondimensionalization, the governing equations in the
fracture domain become

Df 02cf 0cf RfD dcf ,llfL Kf,mL Wy
Tyt T o — (s —cm)
Lv;9z2 0Z vy oT = vy P Opvp Wy
NSW sw
. f Upf dc NEY Aa"" 0(3 o
Z’_=1 erf dT 2= erf (3T (A.])
0CSW LKSW
fi _ f,i sW SW swW P sw
= [ (V- R ) Ke -] = L2 N
oc  Lil
o ol aw aw aw P — aw
= [ (1 ) K- ] =12 N

The nondimensionalized governing equation in the mobile matrix do-
main is given by

D, déc de, R, D dc L Kem L
_ Zm m  T'm  “m” m + Hm Com — fm (C‘f _ Cm)

Lv, 072  0Z vy OT Um ’ OmVm

NEoo Nyt aw gaw

UPpm UA C w; wlmer,im,iL

+ C¢m — Cimi) =0,

g‘ OmUm z Z:’ W00V (em = Cim1)
ocs. Lk
- [f;_ 1- F;Weq) K;Wcm—c;j{i] =12 NV,
oct™ Lk
ot = [ (1 Fo ) Ko — ] L =120 N

(A.2)
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The governing equations for the immobile matrix domain i (i =
1,2,..., Ny,) are

R OCim;  Kmjim,; L (o —c )t Him i .
im,i ~ 5 Bim,iﬁ m im,i) £ 5 pyim,i
SW aw acaw
Pim im,i im imi
Omi 0T Oy OT (A.3)
ocsW g SW.
im,i _ 1m,i _ SW SW, _ aSW
oT - b [(1 Fim,eq,i)KimclmJ Cim,i]’
e aw
imi _ "im.i _ paw aw. _ .aw
or 5 [(1 Fim,eq,i) Kim Cim,i Cim,i] :

Egs. (A.1)-(A.3) provide the dimensionless triple-porosity formulation
for the transport of a PFAS in a semi-infinite vadose zone, which is
subject to the following initial and boundary conditions

e(Z.T =0)=c(2),

ZT=0=c"2), i=12.. N

BW(Z,T=0)=c"2Z), i=1,2,..,N¥,

em(Z,T =0)=c2(2),

M(ZT =0 =%(2), =12, N,

AUZ,T =0)=cni%(Z), i=12.., N3,

(2. T =0) = ciom,i(z), i=12 ..., Ny, (A.4)
SN(Z,T=0)=cw)(2), i=12..., Nim,

M (Z,T=0)=c%Z), i=1,2..., N,

Df 0Cf 4 _ (T) & dcf _ O
Lvgoz * T[T Bt 0Z |,
D, oc Jc
— S | =emaM & |52 =
U 0Z o Z |,

A.2. Simplification of nondimensionalized governing equations

For the convenience of derivation, we simplify the notations of
the parameters and the expressions of Egs. (A.1)—(A.4). The governing
equations for PFAS transport in the fracture domain are simplified as

1 02Cf + 6cf R 6cf v + K )
-——t+ — — + Ve, cg—c
Proz? oz | tor T UfRfT AT Im
szs:: oy szz’ o
+ YR ——+ Y R ——=0
f f ’
= oo or (A.5)
acgy
oL ys SW S P s
T Af";VCf - Bf,‘?’cf"f', i=1,2,... ,wa,
00?‘”
A aw aw aw aw
T —Af". Cf—BfJ. o 1—1,2,...,Nf s

where Pf = UfL/Df, Rf = L_)Rf/vf, Uf = [lfL/Uf, Kf = (Kf,mem)/

Opvgwy), RE™ = (Opp)/(Opop), RY™ = (DAF™)/(Orvp), AFY = (Ll /DS

SW sw SWo__ SW /= aw  _ aw /=~ aw — aw aw
(I_Ff,eq)Kf s B = Legi/o, ARY = (Legl /O <1 Ff,eq) K™,
B = Lk /o,

The governing equations for PFAS transport in the mobile matrix
domain are simplified as

1 0%y  Ocy ocy,
_ ﬁ 372 E + Rmﬁ + Ume,m — Km(Cf - Cm)
NE© gesw MR geaw  Nig
+ Y RW LN R N — Cim) =0,
i=1 T i=1 or i=1 it (A.6)
SW
—acm'i =AW e —BYWeSW, i=1,2 NSW
= im i i =1, 4,000 B
oT m,i m,i m,i m
aw
()Cm’i _ 4aw ., _ paw aw _ aw
Fai Am,icm Bm’icm’i, i=1,2,... SN

where P, = vnL/Dys Ry = 0Rn/Vm> Um = HmL/Um, Kn =
(tm L)/ Omtm)s Ry = 0pm)/Omvm), Ry = @AZ)/Onvm), A}, =
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(Lt /o)1 (1= Fging ) KSw, B, = Ll /o, A = (Lk2/0)f3Y
(1= Fa ) Kaw, B = Lei/o, and Koy = (WinWin Ky g D/
(WO Um)-

The governing equations for PFAS transport in the immobile matrix
domain are simplified as

c. .
im,i
imi g7 - Icim,i(cm - Cim.i) + 1fim,icim,i
aCSW acaw
sw im,i aw  imji
+Rim,i oT + 7eirn,i oT -
esw (A7)
imi _sw c _ BSW sW
oT  Ytim,i Cim,i im,i im,i’
acaw
imi _ o aw _ paw aw
oT - ‘Aim,icim,i im,iim,i’
— — = — = swoo_
where 7eim,l - Rim,"’ ‘U'im,i - #im,iL/U’ Icim,i - (Km,imafL)/(eim,iU)’ 7eim,i -
aw  _ aw /g - SWo /= _sw sw
Pim/gim,,‘: Rim,i - Aim /elm,u 'A'im,i (LKim,[/U) <1 Fim,eq,i im’
BY = L& /5, A = (Le®™ /o) (1 _ Faw ) K™, and B =
im,i im,i im,i im,i im,eq.i im im,i

Lxﬁrl"i/ﬁ, and i =1,2,..., Niy.
The equations for initial conditions remain the same as those
in Eq. (A.4), while the equations for boundary conditions become

+ ] 1), & [acf] 0
(& = Cfj s = =Y
Z=0 i 0z Z=00

+ ] T), & [(k‘“] 0
— +c =cCp; N — =0.
m oo m,in 97 e

(A.8)

A.3. Laplace transform

We take the Laplace transform in time for Egs. (A.5)-(A.7), which
yields

1 025f 05f R( ~ 0) Vé, K& ér)
- ——+ — + R(s¢s—¢]) x Uil ¢+ Ke(és - ¢
Pf 922 EVA et £ fCp,f flef m
NpY NW
SW/  ASW sw,0 aw, ~aw _ aw,0y _
+ X R Gse e )t 2, REvGse i =0, (A.9)
i=1 i=1
~SW SW,0 _ 4SWx _ ppSWasw o _ sW
sepy —ep, = A G = Bhe, 1= 12,0, NgY,
~aw aw,0 _ jawy _ pawzaw o _ aw
sCpi =y =AG G = B, 1= 1,2, NEY,
2~ ~
1 0°¢y  0¢y 5 0 5 L
— 7)_ 922 + ﬁ + Rm(SCm - Cm) * Ume,m - K:m(Cf - Cm)
NSW NaW
m m
SW(  =SW sw,0 aw, zaw _ ,aw,0
+ Z Rm (scm,i = Coi )+ Z Rm (scm,i Coni )
i=1 i=1
Nim (A.10)
+ Z lCmim,i(C~1Tl = Cim) = 0,
i=1
~SW SW,0 _ 4SW x  _ jaSW SW o _ sw
i T Cmi = Am,icm Bm,icm,i’ i=12,...,Ng"
~aw aw,0 _ qawy _ pawzaw  ; _ aw
SCi — Cmi = Am’icm Bm’icm’i, i=1,2,..., N,
and
- 0 ~ - <
Rim,i(s€im; — cim,i) = Kin,i(€m = Cim,) Ulim,icp,imy,-
SRS (s85W — SW0) | paw (ggaw _ aw0y _ o
im,i im,i im,i im,i im,i im,i
SSW sw,0 swWox SW SW (A.11)
scim,i - Cim,i = Aim,icimw" - Bim,icim,i’
~aw aw,0 _ qaw 5 _ paw zaw
Scim,i Cim,i - Aim,iclm»i Bim,icim,i’
where i = 1,2, ..., Ni,.

Egs. (A.9)-(A.11) contains the following unknown variables: ¢,

SSW xaw x ~SW ~aw  x ~SW ~aw
ey s Cmy s ER Cimis G and e We reduce the unknown
variables to ¢; and ¢, through equation rearrangements and variable
substitutions. In particular, we rearrange the equations for rate-limited
solid-phase and air-water interfacial adsorption in Egs. (A.9)-(A.11) to
obtain the expression for &% and ¢ as functions of ¢, the expression
for 5. and ¢@" as functions of ¢, and the expression for &% and ¢@".
m,i m,i im,i im,i



S. Chen and B. Guo

as functions of ¢, ;. Additionally, Eq. (A.11) is further rearranged to
obtain the expression for ¢, ; as a function of ¢,. Finally, we substitute
these expressions into Egs. (A.9)—(A.10), which results in two equations
where ¢ and ¢, are the only unknown variables

1 asz acf 0
_EE+6—Z+hf(S)Cf—KfC +hf(Z,S)=0
1 0%,  0éy 0 a
— P_ 372 +E+h (S)gm_nm5f+hm(z’s)=0
m

where hg(s), h?(Z ,8), hy(s), and h&(Z , s) are slightly different for PFAAs
and precursors. For PFAAs, the equations are given by

N W a
£ ASWRSW N AaWRaW
fi f
he(s) = sRe+ K¢+ s - s
£(s) £+ K 2 S+ B ; B
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aw
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Z f f,i 2 fz
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= StB = stB
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— Reeg — Uity p,
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m,i’ " m m,i’ " m
h(s) = R + K 5| ) — 4 D) g
1 m,i

i=1 m,i i=
o T, A
SRim,i + SW + aw
’ S+5 S+
o s i (A.13)
+ mim,i SRSW ASW SRAW gaw °
im,i " "im,i im,i” im,i
Sle i Kim,i + s+B_5W_ + S+BAW
m,i
0 — 0
hm(Z’ 5) = _Rmcm Un pm 2 Ilemt
RO v & 4 Sl Rm S
m,Eim, i im,i“p,im,i s+BW s+BW
X m,i m,i
R 4K R | RimiAims
s im,i im,i SHBW S+BAW
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swgsw SW,0  NIW
R Bml m,i 2
s+ BW. i

m,i

RawBaw aw,0
'm,i “m,i

aw
s+ Bm,l.

- Z
where &, ¢, m, and & i, ; are the Laplace-transformed concentrations
of precursors in the fracture, mobile matrix, and immobile matrix
domains, respectively. Eq. (A.13) applies to PFAAs either without or
with mass sources from precursor transformation. If the equation is
applied to PFAAs without transformation-induced mass sources, the
relevant source terms are set to zero: Uy = U}, = Unm, 0. When
transformation-induced sources are present, the precursor-related vari-
ables (&, ¢, €5 m, and &pm ;) must first be solved via Equation (A.12) us-
ing precursor-associated parameters and functions (i.e., A¢(s), h?(Z ,S),
hy(s), and A0 (Z, ).

The precursor -associated functions are derived by setting ¢ ¢ = ¢,

¢pm = &, and Cpimi = Cim which yields

B

SWRSW
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aw paw .aw,0 RSW psw SW,0
R. 0 im,i im,i €im,i im,i im,i €im,i
miimi + B
_ 2 Kmim,i — (A.14)
im,i " im,i im,i” im,i
SR1m1+lC1mz+7flm,+ H—BSW + B

Eq. (A.12) and Eq. (A.13) are used for PFAAs whlle Eq. (A.12) and
Eq. (A.14) are used for precursors. They can be solved following the
same procedure hereafter. The next step is to take the Laplace transform
of Eq. (A.12) in space, which yields

1 22 ~ Cf 2 ~
— = |\ r¢e—réelz—0 — =5 lz=0 | +1Ct — C¢l z=
P < = r¢lz=0 = 57 1z=0 t— ¢l z=0

+he(s)ér — Kl =—i10r,s,
()6 = Kt = ~hy 5) (A.15)

22 ~ Em 2 ~
-0 rcm‘”le:O_ﬁlZ:O +rcm_cm|z=o
+hm(s)5m —Kpnés = —izf’m(r, 5).

In Eq. (A.15), ¢l z—0> €mlz=0> |Z —0> and |Z_0 remain unknown.
We first eliminate ”Cf ~lz=0 and L 21z=0 usmg the boundary conditions
at Z =0 (see Eq. (A 4)). To do so, we first take the Laplace transform

of Eq. (A.4) in time, which gives

l 0cf . 1 6c”m . ~
=i & |- =24 =
[ P ()Z Cf] o0 Cfin [ Pm EVA Cm o0 Cm,in

Then we cast Equation (A.16) back in Eq. (A.15), which yields

(A.16)

<—PLfr2 +r+ hf(S)) sz - le(%m = —PLf5f|Z=0 +Cein — IA’l?(r, s),

1 5 5 " & é h
——r‘2 +r+ hm(s) Cm — ]Cmcf = __Cm|Z=0 + Cm,in ~ hom(r’ 5)-
P Pm

m
(A.17)
Solving Equation (A.17) yields,
2 (r? = Prr = Prahin(9)) (rél z—0 = Piétin + Peh'(r, s))
(2 =P — Pehe(s)) (7 = Prar — Prhm(s)) — PP Ko
_ PeKt (réml 70 = Pmbmin + Pmhd (. 9))
(r2 = Per — Pehy(s)) (r2 = Popr — Pryhiy(8)) — PeKeP Ky
b Pk (ré¢l 720 — Pelein + Pehl4(r, )
(r2 = Per — Pehg(s)) (r2 = Poyr — Pryhyg(9)) — PeKeP o Ky
(r? = Per = Pehe(s)) (réml 70 = Pmlmin + Pmhd (. 5))
(r2 = Pr — Pehg(s)) (r2 = Popr — Py (5)) — PeKeP Ky
(A.18)

Suppose (12 = Pgr — Pehe(s)) (r? = Pt = Prahp(s)) — PeKiPpKy =

Hi4=1(r —r;). We can factorize all the terms in Eq. (A.18) by
C = | z C3l C2,ipmhm(s) : Clefo
f =¢flz=0 r—r, Cm Z—O r—r
(G35 = CpiPin = €1 Prnhin(s)) (=Pl + Pfhf(r, 5))

> —
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(A.19)
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where C 7 (j = 1,2,3,4) are coefficients that are independent of r and
satisfy i, C;,/(r—r) =/~ /I (r = r)).

In Eq. (A.19), &|,—y and é|,—o remain unknown and they need
to be solved using the boundary conditions at Z = oo, which will be
discussed in Appendix A.4.

A.4. Inverse Laplace transform

We solve the physical aqueous concentrations (¢; and c¢,) through
the inverse Laplace transform. The inverse Laplace transform of
Eq. (A.19) is

4
C~f :Ef|Z:O Z (C4,i - C3,i7)m - CZ,ithm(S)) exp (rxz)
i=1
4
= Clz=0PeKs Z Criexp (r;Z)
i=1
4
- 7)fEf,in Z (CS,i - C2,ipm - Cl,ipmhm(s)) exp (riZ)

i=1

4 z
+ P Y (Cyy = Gy Py = € Prohyy(9)) /0 Rz, s)exp (r(Z - 2)) dz'
i=1

i=

4
+ 7)fxfpm(?m,in Z Cl.i exp (riz)

i=1

4 z

- PP, chi/ﬂ h (2, s)exp (r(Z - 2)) dZ,

p
4

e == &l 720PmKm 2 G, exp (riZ)

i=1

4
+ Cmlz=0 Z (Cag = C3,Pg = Cy Pih(s)) exp (r,.Z)
i=1

4
+ Pk Piigin O, Criexp (1, 2)

i=1

4 z

- PukuPr Y, cl',/ R, s)yexp (r(Z - 2)) dz'

i=1 0
4

- pmém,in Z (Cs,i - Cz,ipf - Cl,ipfhf(s)) eXp (riZ)
i=1

ZzZ
+ P ) (Csi = C P = € Pihg(s)) / R (2, s)exp (r(Z — 2)) dZ,
0

™-

i

(A.20)

where ¢&|,_, and é,| -, need to be solved using the boundary condi-
tions at Z = oo (see Eq. (A.4)). To simplify the calculations, we further
define the following equations,

8ri(8) = Cy; — G5, P — Gy Prhy(s),
Emi(8) = C4j — C3; Py — Co Pryhy (s),
4
8H(Z,5) = —Pelgin 3. (Cy = Co Py = €1 Prohn(s)) exp (1, Z)

i=1
4

+ P Z (C3i = C2Pm = €1 Py (9))
i=1
[ z
X / h?(z’, S) exp (ri(Z - z’)) dz'
0
4
+ anfpmgm,in Z Cl,i exp (riZ)

i=1

(A.21)

4 z
- PPy Y CU/O W (2, s)yexp (r(Z - 2')) dZ,
i=1
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4
gm(Z,9) = PuKnPein 3, C1 exp (1, Z)
i=1
4 z
- K PPk Z C]’,./ h?(z', s)exp (r(Z —2))dz
i=1 0
4
= Pmlmin Z (Cs4 = CpPs = Cy ;Pehy(s)) exp (1, Z)
i=1
4
+ Pm 2 (Cs; = €y Ps = Cy Pehe(s))

i=1
z
X /0 h?n(z', s)exp (r(Z —2))dz'.

Accordingly, Eq. (A.20) can be written as

4
¢ =Clz—0 Z 8mi(8)exp (r; Z)

i=1

4

— ol 7o PiKs 2 Cyiexp (r;Z) + g((Z, 9),
i=1
4
em ==&l 720PmKm Y, Coexp (1, Z)

i=1

(A.22)

4
+ ¢mlz—0 Z g i(s)exp (r,-Z) +gm(Z,s).

i=1

Applying the boundary condition at Z = oo (see Eq. (A.4)) results in

~ 4
. 0cf - .
Zh=IEo 7 =¢¢l 7—9 %1;210 ngv,-(s)r,» exp (r,-Z)
i=1
4
— Cmlz=0PeKs zhiﬂ’ozclir" exp (r,-Z)
i=1
dge(Z,
+ gim 2829
Z=00 0Z
=0,
. (A.23)
. 0¢C N .
Zhigo a—; =— ¢l 720PmKm %1=n;° Z:‘Cz"'r" exp (r;Z)
s
4
+ &mlz=o Jim Z gri(S)r;exp (r, Z)
=l
g (Z,
+ lim 2m(Z:9
Z=00 0Z
=0.

Eq. (A.23) contains both decaying (i.e., exp(r; Z) where r; has a negative
real part) and growing (i.e., exp(r; Z) where r; has a positive real part)
exponential terms. As Z — oo, all the decaying terms vanish. After
these terms are eliminated, the remaining growing terms still involve
the unknown é&|,_, and ¢,|,_,. To ensure that ¢&(Z,s) and ¢,(Z,s)
remain bounded, the coefficients of the growing terms must be set to
zero. These constraints yield a linear system, which can be directly
solved to obtain ¢&|,_, and é,,|z—-

Finally, we can substitute the solved ¢&|,_, and ¢ | ,_ into Eq. (A.22)
for computing ¢ and ¢, which are nonlinear functions of the Laplace
variable s. We can then perform inverse Laplace transform on & and
én to compute the spatial and temporal variations of aqueous PFAS
concentrations in the fracture domain ¢; and matrix domain ¢, using
numerical approximation methods reported by Durbin (1974), Crump
(1976), and De Hoog et al. (1982). Note that the accuracy of these nu-
merical approximations may depend on the model parameters (Honig
and Hirdes, 1984) and the specific flow and transport conditions.
For conditions where the errors become significant, more advanced
numerical approximation methods can be adopted (Du et al., 2017).
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Appendix B. Semi-analytical solutions for single-porosity and
dual-porosity models

We derive the semi-analytical solutions for the single-porosity and
dual-porosity models using the Laplace transform and inverse Laplace
transform. Because the two models share the same procedure, the more
involved dual-porosity model formulations are used to illustrate the
general derivations. One can remove all the terms related to the (im-
mobile) matrix domain to obtain the solutions for the single-porosity
model and repeat the following procedures. The derivations for PFAAs
and precursors are almost the same, except for one derivation step right
after taking the Laplace transform of the governing equations in time.
We explain the difference in the Laplace transform (Appendix B.4).

B.1. Governing equations

The governing equation for PFAS transport in the fracture domain
of the dual-porosity model is similar to that of the triple-porosity model
(Eq. (2)), except that the fracture domain exchanges mass directly with
the matrix domain where all of the water is immobile. The equation is
given by

Nim

Wim
) +6f/4fcp,f+ we 2 wlmszlmz ( cf— Cim,i)
i=1

dct dct e
0fRf— + Hfo oz 0fo oz

SW aw

Z =0.

(B.1)

pr

The PFAS concentrations at the solid-water and air-water interfaces
follow the same governing equations as the triple-porosity model,

dCSW
> =Kg [ffsw(l Ffs‘e"i])Kf o = cff ]
dcdW (B.2)

fi _ a a a a
e = i (1 ) K]
Similarly, the (immobile) matrix domain directly exchanges mass with

the fracture domain. The aqueous PFAS concentration in each ith
immobile matrix domain is controlled by

acimi
‘gim,i im,i ot _Kf,im,i(cf_Cimt)ielm,ﬂlm,icp,jm,,-
B.
Pimi e ©
Foim =5 Aim 5 =

The governing equations for PFAS concentrations at the solid-water
and air-water interfaces of each i immobile matrix domain remain
the same,

ocsw
im,i SW swW sw
o Kim,i [(l_Flmeqz)K clm’_cim,i]’
W (B.4)
im,i aw aw,, aw
ot - 1m: [( - Flm eql)K Cim,i ~ Cim,i:| .

B.2. Nondimensionalized governing equations

We derive the semi-analytical solutions for the dual-porosity model
following the same procedure as the triple-porosity model.

NSW

SwW
_ﬂt”cf ()cf ER%+Mch +iupfac
Lugoz2 " 0Z for = v T &y oT
Naw N (B.5)
aw .
S5 AR 0% Win NS WimiKimi L -0
* 214 o 6 oT Z o Cma) =
= i=

where 0 = vpwebe/(webs + wiy0;,). The governing equations in the
rate-limited solid-phase and air-water interfacial adsorption sites are

15

Advances in Water Resources 206 (2025) 105099

dc fz
SW sw sSw . sw
[ (1_Ffeq)Kf Cf—cf,i]’ 1—1,2,...,Nf s
Bcaw LK (B.6)
a; = [f (1—F§g{1)Kawcf—ch], i=1,2,.., N,

The governing equation in the immobile matrix domain i (i = 1,2, ..., Nip)
is given by

aCim,i Kf,im,iL ”im,iL
mi o T K(Cf = Cimi) T iy
dcSW Aaw e (B.7)
" Pf im,i " im,i
Him,i aT 6im,i oT

The governing equations at the rate-limited solid-phase adsorption site,
and rate-limited air-water interfacial adsorption site of the immobile
matrix domain i (i = 1,2, ..., N;,) are given by

acsw KSW L
im,i _ im,i [(l _ FSW )KSWC- W ]
oT D im,eq,i im “1m,i im,i |’
acaw aw (BS)
im,i 1rn1 aw aw . aw
oT [(1 - Flm eqz)K Cim,i ~ cim,i] :

Egs. (B.5)—(B.8) can be solved given the following initial conditions,

f(Z,T =0) = c(2),

NZT=0=¢%2) (i=12...N").

EZ,T=0=c"%2Z) (i=1,2...,NM),

mi(Z.T=0)=0 (2) (i=1.2....Np). (B.9)

M (ZT=0=c"XZ) (i=1.2,....Np).

M(ZT =0 = %Z) (i=1,2...,Nim),

and boundary conditions

[_& E + vfcf] = vperin(T), & [%] =0. (B.10)
L oz Z=0 0Z |,

B.3. Simplification of the nondimensionalized governing equations

We derive the semi-analytical solutions for Egs. (B.5)—(B.8) using
the following nondimensionalized governing equations,

Nsw

sw
1 P e deg deg;
+—=+R + Ui + RSW
“Proz? " 0z faT £p.f Z aT
aw (B.11)
Ne et Nim
X
+ )R — + Y K (e = Ci) =0
i=1 o= "
where leJ_ = (Wim Wim,iK¢im.; L)/ (Webgvy),
aCSW
o = A= B 1= 1.2 NE",
JcaAW (B.12)
fi aw aw aw aw
T —Ar, Br, £ 1—1,2,...,Nf s
acim,i
Rim,i oT - Kim,i(cf 1m/) =V, im,i plml
sw aw
+RW im,i +RAW im,i =0, (B.13)
lml aT m, aT
=12, Ny,
ocsW
im,i sw SWSW _
W_Almzclm' Blmz im,i’ i=12, - Nim,
Jeaw (B.14)
im, i a aw a _
oT Alr‘:l im,i Bu:llvl 1nv1‘]: i=12, "Nim'
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B.4. Laplace transform

We take the Laplace transform in time for Egs. (B.11)-(B.14), which
yields

L2, 0% p )+ Ui
-t = s¢— ) £ Ui
Proz? oz | EET T EETAORE
NSW Naw
SW( AW _ SWO aw,  xaw aw,0
+2R (s )+2R (s — %) (B.15)
i=1
Nim
+ ) Kp (G = G) =0
i=1
ST — 0 = AME - BWEY, i=1,2,..., N,
i f,i fi t f (B 16)
~aw aw,0 _ aw aw saw aw ’
SCi T S An f_Br: £ i=12..,Ng™,

~ i aw,0 ~
Rimi ($Gms =X )+ RV (se?W —20) v & .
m, ¢ m, im,i im,i m,i im,i im,i "p,im,i

_lcim,i(ff G + st ( W _CSW0> 0, (B.17)

lml m,7
i= 1,2, Nis
~SW sw,0 SW SWaSW
Sclmz clm: - ‘Almz im,i Blmr im,i’ i=12,. Nim (B.18)
~aw aw,0 aw x aw zaw ’
Sclmx Cim,: ‘Almz im,i Blml im,i’ i=12,. Nim-

Egs. (B.15)- (B 18) contains the following unknown variables: ¢,
f"l", cNfl s Gim,i> G, and Car‘r’lv/ Similar to the derivations in Appendix A.3,
we rearrange the equatlons to eliminate the unknown variables except
for ¢ and obtain the following equation,

1 asz 0¢, C¢

+—+h +h)(Z,
Proz2 T oz #(5)¢s + he(Z,s5) =

(B.19)

where h¢(s) and h(f)(Z, s) have different expressions for PFAAs and
precursors. For PFAAs, hy(s) and h‘f’(Z ,s) are given by

sw aw
N SRevAY N SRAWARY

he(s) =sR¢ + Z

s+ B Z} s+ B

i=

"T‘ glm,i(s) - im i
t LK ’
Bims () (B.20)
0 0 & lom I(Z S) .
W(Z,5)=— R = Use, i— ¥ K, L~
£ o fep,f £,
P i=1 ! &im i(S)
NEW RSWBSW sw,0 N RawBaw aw,0
z f,i fl 2 f,i fl
SW aw >
= StB] = stB;
where
SW ASW aw qaw
g (s) = SR e SRlnllAlmI SlelAlml
0= s s S S
O
1ml(Z S) "T” im,i + U‘ll‘l’ll p,im,i (le)
SW 725w CSW 0 aw caw,O
im,i ~im,i  im,i im i imi o im,i
s+ BY. s+pBW
im,i im,i

where &, and ¢, i, ; are the Laplace-transformed aqueous concentra-
tions of precursors in the fracture and matrix domains, respectively.
Egs. (B.20)-(B.21) apply to PFAAs either without or with mass sources
from precursor transformation. If the equation is applied to PFAAs with-
out transformation-induced mass sources, the relevant source terms
are set to zero: U; = l/im’i = 0. If Egs. (B.20)-(B.21) are used for
PFAAs with transformation-induced mass sources, the precursor-related
variables (¢, ¢ and ¢&p ;) need to be first solved via Equation (B.19)
using precursor-associated parameters and functions (i.e., hg(s) and

hX(Z,5)).
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The precursor-associated functions (i.e., a¢(s) and h?(Z ,8)) are de-
rived by setting ¢, ¢ = ¢; and € imi = Cim.o which yields
NS Naw
f RSWASW f sR?WA';lfl{V
he(s) =sR¢ + Ug + z

s+B§";’ Z s+B;“;"

i=

N
N im gim,i(s) - lCim,i
i=1 b gimi(s)
Mo g (Z.) (B.22)
im K
hU(Z,s)==Reel = ) lcf,,‘““—
=1 gim,i(s)
Nfsw RSWBSW sw,0 Nfa RawBaw aw,0
f.i ft f,i ft
SW aw ’
= stBy = stBg;
where
RW AW aw  gaw
—sR K v 1m1"41m1 SlelAlml
gim,i(s) =S im,i + im,i + im,i + s +Bf::,l + S+Bi¥;" ’
sWpgsw CSW’O Raw jzaw aw,0 (B.23)
0 0 im,i"im,i - im,i im,i im,i - im,i
1mr(Z 5) = lmicimﬁi s+ BW. 5+ 3w
im,i im,i

Eq. (B.19) and Egs. (B.20)-(B.21) are used for PFAAs, while Equa-
tion (B.19) and Egs. (B.22)—(B.23) are used for precursors. They can be
solved following the same procedure hereafter. The next step is to take
the Laplace transform in space for Eq. (B.19), which yields

1 (s a¢¢ s
—gf ¢ —rétlz-0 — |Z =0 | +rcée—Elz—0 (B.24)
+hf(s)5f +h(r,5)=0

Eq. (B.24) is subject to the boundary condition given by Eq. (B.10).
We can take the Laplace transform of Eq. (B.10) at Z = 0 and cast it
into Eq. (B.24), which yields

g Slz=o (1
rl —r2 r—rl r—rz
_ Pitiin 11
rl —r2 r—rl r—r2
L P mr,s) G,
r—ry \ r—r; r—ry |’
where r, = P¢/2 (1 - \/Fhi)/Pr+1) and
ry = Py/2 (1 + A (5) [P+ 1).

B.5. Inverse Laplace transform

-

(B.25)

We obtain the semi-analytical solutions from the inverse Laplace
transform of Eq. (B.25), which gives

__CGlz=o
Cf= p 4 ("1 exp(riZ)—r, exp(rzZ))
1=

P.é,
- H (exp(rl Z)— exp(rzZ))
ry—nr

(B.26)

z
+ / exp(ry(Z — 2)hl(Z', s)d7'
0

ry—r

P
rl —7'2

z
/ exp(ry(Z — Z’))h(f)(z’, s)dz.
0
Therefore,
9% = Etlz=0 (
0Z ri—rnr,
PCtin
r—r,
Py
rl - r2
Py

ry—nr

r% exp(r; Z) — r% exp(ry Z))

(ryexp(ri Z) = ryexp(ry Z))
(B.27)

z
+ <r, /0 exp(ry(Z — Z)h(Z, s)dz’ + h(Z, s))

z
<r2 /0 exp(ry(Z — 2 Nhi(Z, s)dz’ + h(Z, s)) .
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Given the boundary condition at z = oo (Eq. (B.10)), we get
. 0C
lim —

Z=c 07

= hm exp(r,Z)

—"7‘2 (rexp((ry =) Z) = 13)

p n
et (r1 exp((ry —r)Z) — rz)
-

(B.28)

Pf < 4 INYRBO (! ’
+ | / exp(ri(Z — z')h; (z', s)dz > exp(—r,Z)

ro—=r 0
P z
. <r2/ exp(—rzz’)h?(z/,s)dz'>]
r—r 0
=0.

Given lim,__ exp((r; — r,)Z) = 0, we compute &|,_, from Eq. (B.28),
which yields

< _Pf s ® N N | ) ’
¢tlz—0 =— |tin exp(—ryz)h(z', s)dz
r 0
‘ (’_1
)
Casting Eq. (B.29) into Eq. (B.26) yields the solution in the Laplace
domain,

E (B.29)
/ exp(ry(Z — z'))h?(z', s)dz') exp(—rzz)] .
0

[se]
é = [Ef,in —/0 exp(—rzz’)h?(z’,s)dz’

’
+<—1
)

P¢
X — (rl exp(riZ) —r, exp(rzZ))

z
/ exp(r(Z — z'))h?(z', s)dz') exp(—rzz)]
0

Fy(Fry — F
;( 1= 12) (B.30)
fCfin
- — (exp(rIZ) — exp(rZZ))
ry—n
P zZ
+ f / exp(r|(Z - z'))h(f)(z',s)dz’
ry—=ryJo
z
- / exp(ry(Z — 2 )hi(Z, s)dz7’.
r—rJo

We can then perform the inverse Laplace transform on é; to compute
the spatial and temporal variations of aqueous concentrations in the
mobile region. This can be done analytically using the method provided
by Toride et al. (1993) or numerically using the methods reported
by Durbin (1974), Crump (1976), and De Hoog et al. (1982).

Appendix C. Criteria for identifying nonequilibrium transport
regimes and guiding model selections

We use the semi-analytical solutions to derive the criteria to identify
the nonequilibrium transport regimes and provide guidance for select-
ing the appropriate model complexity for a given problem. This is done
by performing the temporal moment analysis on the mass discharge
concentration curves (Aris, 1958; Valocchi, 1985; Leij et al., 2012)
and computing the relative difference in the temporal moments. The
derivations are summarized below.

In general, we can compute the n" normalized absolute temporal
moments via the following equations (e.g., Valocchi, 1985)

0"¢(Z,s)

.1
osn @

m, =/ T"e(Z,T)dT = (-1)" lim
0 s=0
where ¢ is the aqueous concentration at location Z and Laplace time s.
For the mathematical convenience of deriving ¢, we assume that
the adsorption is instantaneous (which can be relaxed if rate-limited
adsorption is of interest) and that the inlet boundary condition is
given by a Dirac delta function with a unit mass. Accordingly, we can
compute ¢ for all the models.
For the single-porosity and dual-porosity models, ¢ is given by (e.g.,
Valocchi, 1985)

12
€(Z,s)=exp{§ [1 ~(1+ %h(@) ]}

(C.2)
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where P is the Péclet number and A(s) is a function in the Laplace
time domain which can be obtained from the Laplace transform of the
governing equations of a specific model. The h(s) are derived from the
governing equations and their Laplace transform, as provided below.
For a single-porosity model, the governing equation is given by

1 0%
_;ﬁ+ﬁ+Rﬁ+UC_O
where P = vL/D is the Péclet number, R = 1 + K™ A /0 + p AV /6
is the retardation factor, " = uL/v is the Damkdhler number for
transformation, and T is the dimensionless time (T = ¢/(L/v) with
v being the porewater velocity). Taking the Laplace transform of the
above equation yields

(C.3)

(C4

where A(s) = Rs + U Substituting A(s) into Egs. (C.1) and (C.2) allows
for computing the temporal moments for the breakthrough curves of a
single-porosity model.

For a dual-porosity model, we further assume the matrix contains
only one immobile domain and obtain the governing equations as

1 dzq deg il Wim
“Proz? 0z o fﬁ +User + _efDaf,im(Cf — ¢im) =0 s
R, ac““ + - 1/ % pa,. ( y=0 .
_— —Da.. Cf — C: =0,
im oT im Cim — eimU f,im im

where 0 = wb;vg/ (wf9f+ Wimbim), T is the dimensionless time (i.e., T =
l/(L/ﬁ)), and P = UfL/Df, Daf’im = Kf,imL/Uf, and U; = llfL/Uf
are respectively the Péclet number, Damkdhler number for fracture—
matrix mass transfer, and Damkohler number for transformation in
the fracture domain; and UV}, = p;,L/vs is Damkohler number for
transformation in the immobile matrix domain. Applying the Laplace
transform to Eq. (C.5) and rearranging the resulting equation yields

1 asz d¢, f
- + h(s)¢ (C.6)
Pioz2 " oZ ()¢ =
. 0. (leer'U' )
where h(s) = OR V; mf'm—. Substitut-
) v fs/uf T Ut webp  Oim ORiy s /vp+0im Uy +Dag;

ing A(s) into Egs. (C.1) and (C.2) allows for computing the temporal
moments for the breakthrough curves of a dual-porosity model.

For the dual-permeability model, the ¢ in Eq. (C.1) is given by
¢ = (webvels + Wy 0,06/ (Webvg + w0, v), where ¢ and ¢, are
solved using the following governing equations,

Lo, O D p 0t g += Da ( )=0
Proz2 oz T Mar TV £m ™ ‘m) =
1 %cp dcm b ocy, vf
- + TRy =R+ —1/ - Da, (¢t —cy) =0
Pm 0Z2 | 0Z m T mém = 5 —p—Dagm (¢ = )

(C.7)

where 0 = (wibsvs + Wy 0 V) /(Wb + w0, T is the dimensionless
time (e, T = t/(L/D)), Dag,, = xguL/vp and Uy = peL/vp are
respectively the Damkohler number for fracture-matrix mass transfer
and Damkohler number for transformation in the fracture domain, and
Uy, = HpL/ve is Damkohler number for transformation in the mo-
bile matrix domain. For mathematical convenience, we assume P, =
P; and solve ¢ and ¢, using the method presented by Leij et al.
(2012). Then we compute the flux-averaged breakthrough curve in the
Laplace domain and evaluate the temporal moments from Eq. (C.1).
This method also applies to the triple-porosity model. However, fully
analytical solutions in the Laplace domain may be challenging to obtain
for dual-permeability and triple-porosity models under more general
conditions (e.g., P, # P¢). In those cases, we can compute the flux-
averaged aqueous PFAS concentration at the outlet using Eq. (A.22),
and then evaluate the temporal moments from Eq. (C.1) via symbolic
calculations or numerical approximations.

We apply the above methods to compute the first and second
moments for all three models (see Table C.5). The relative differences
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in moments are used to identify the nonequilibrium transport regimes
and guide model selections. For a specific problem, if the relative
differences are small between two models with different complexities,
the simpler model is then sufficient for the simulations. Otherwise, the
more sophisticated model may need to be adopted. For example, if the
fracture flow is much faster than the matrix flow (i.e., n = vy, /vf — 0)
in a heterogeneous vadose zone, a dual-permeability model will share
the same moments as those of a dual-porosity model. In that case, a
dual-porosity model can be used. Furthermore, if the residence time
in the fracture domain is much longer than the time scale of fracture—
matrix mass transfer (i.e., Dag, — ), the dual-porosity model shares
the same moments as those of an effective single-porosity model. The
parameters for the effective single-porosity model can be obtained by
comparing the moments for the two models, as provided in Table C.5.
The comparison shows that the parameters for the effective single-
porosity model (i.e., Eq. (C.3)) are given by: R = 2010¢ Rit10im Oim Kiom

o 0 1/ w1y, Oim
welpUt+wim 0 im G
P = Py = vL/Dy, and U = im7im — L wr fi‘f"’ulm im Mim

where the parameters with subscripts ;ff” and “im” fare respectlvely
defined in the fracture and immobile matrix domains of the dual-
porosity model. Additionally, the dimensionless time in the effective
model (i.e., Eq. (C.3)) is given by T = t/(L/0) where & = w¢b;v¢/ (w0 +
Wimbim)- If Eq. (17) is used, the effective parameters remain the same

. O g+ Wim Oim Hi
(i.e., v = vy, D = Dy, and y = L imTimbim ) - eycept that R becomes
“'fefRf+Wlm9\mR1m

wbp

webg

Appendix D. Supplementary materials for Section 4

D.1. Initial concentration profile for post-contamination simulations at the
model agricultural site

We generate the initial PFAS concentration profile for the post-
contamination simulations by simulating 30 years of land application
of biosolids using the dual-permeability model. The first step is to
partition the total infiltration rate () into the fracture and matrix
domains such that the two domains are in hydraulic equilibrium under
gravity-driven flow. The actual infiltration rates and water contents in
the two domains are determined by solving the nonlinear algebraic
equation I¢+ I'y, = wek, ¢(0p)K gy ¢ + Wi Ky 1y (0 Ky i = I (see Fig. D.1
for the simulated conditions). Second, we determine the parameters
for PFAS transport as follows. We assume that mechanical dispersion
is dominant (i.e., va; > tD, ~ 0) in the fracture and mobile matrix
domains. Solid-phase and air-water interfacial adsorption are assumed
instantaneous (i.e., Fesgl” = Fe‘g"’ = 1). We estimate A2V for the fracture
and matrix domains using the thermodynamic method (Eq. (3)) with a
roughness scaling factor of 1. The remaining PFAS transport parameters
(including PFAS release rate, PFAS molecular weight, fracture-matrix
mass-transfer rate constant, dispersivity, solid-phase adsorption coeffi-
cient, air-water interfacial adsorption coefficient, and transformation
rate constant) are collected from the literature (Guo et al., 2022; Smith
et al., 2024; Liu et al., 2021), which we summarize in Table 4. Finally,
we use the parameters to solve the PFAS transport equations. This gives
the distribution of PFAS across the vadose zone resulting from the
30-year contamination. We generate the initial concentration profiles
for both the PFOS and PFOSB simulations. Because the legacy PFOS
is modeled in the PFOS simulations, the PFOSB simulations do not
consider the release of legacy PFOS from biosolids.

D.2. Soil water characteristics for the soil in the vadose zone at the model
agricultural site

We present in Fig. D.1 the soil water characteristic curves for the
soil in the fracture and matrix domain of the vadose zone at the model
agricultural site and the simulated water saturation conditions.
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Table C.5

First and second temporal moments (m; and m,) of the breakthrough curves
at the outlet (Z = 1) corresponding to a Dirac delta injection at the inlet
(Z = 0) for the single-porosity, dual-porosity, and dual-permeability models.
For the convenience of mathematical derivations, we assume (1) the adsorption
is instantaneous for all three models, (2) the dual-porosity model only contains
one immobile matrix domain, and (3) the dual-permeability model has the
same Péclet number in the fracture and matrix domains (i.e., P, = Py).

Single-porosity model
m, Rxexp [5 ( —gé/’)] g—l/Za

m, <R2+zx“ Rz)xexp[ (l— W)]gg a
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12 —1/2p
m [,/)R+(l ﬂ)Ri(e e ),] xexp |2 (1 -5")] %
m pr+(—pr—"te |y %52 R+ (1 - PR ’
2 (O U, +Dag,, )2 (O U, +Dag,,)?

26, Dag,, 1/2 _
PR OV, iDam)’ }XSXP[ (1_ />]g0]b
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1/2
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D.3. Mass discharge concentrations for PFAS and their transformation
product in the vadose zone at the model agricultural site

Fig. D.2 presents the mass discharge concentrations for PFAS and
their transformation product through the vadose zone of the model
agricultural site.
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Fig. D.1. Soil water characteristic curves and relative permeability curves for soils in the fracture and matrix domains of the vadose zone at the model agricultural
site. The dots indicate the water contents and relative permeabilities in the two domains under the simulated condition.

0.25¢ <— Contamination
ceases at 30yr Legacy PFOS
= DualPerm
S’ 0.207 == | DualPoro
g SinglePoro
.5 0.15¢
=
o
€ 0.10f
(9]
o]
s
O 0.05¢
0.00[ #== ) ) ‘ , ‘
0 100 200 300 400 500
Time (year)

0.25F i<« Contamination
ceases at 30yr PFOSB
= DualPerm
0.20¢ == | DualPoro
SinglePoro
PFOSB-derived PFOS
0.15 = DualPerm
== | DualPoro
0.10¢ SinglePoro
0.05¢
0.00[ = - ) " :
0 200 400 600 800
Time (year)

Fig. D.2. Mass discharge concentrations for PFAS and their transformation product in the vadose zone at the model agricultural site.

Data availability

All datasets used in the study have been presented in the manuscript
and appendices.
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